Abstract. We study the algebraic Brauer classes on open del Pezzo surfaces of degree 4. I.e., on the complements of geometrically irreducible hyperplane sections of del Pezzo surfaces of degree 4. We show that the 2-torsion part is generated by classes of two different types. Moreover, there are two types of 4-torsion classes. For each type, we discuss methods for the evaluation of such a class at a rational point over a p-adic field.
Introduction
In this article, we systematically study the algebraic Brauer classes that may arise on an open del Pezzo surface of degree four. By which we mean the complement U of a geometrically irreducible hyperplane section of a del Pezzo surface of degree four. When U is defined over a field k, the algebraic part of the Brauer group of U is contained in the Galois cohomology group H 1 (Gal(k sep /k), Pic U k sep ). It equals that group, at least when k is a number field.
Let X be a del Pezzo surface of degree four and U ⊂ X be an open degree four del Pezzo surface. Then, on X, there are exactly 16 lines, which generate the geometric Picard lattice Pic X k sep , and therefore Pic U k sep . The automorphism group of the geometric Picard lattice is isomorphic to the Weyl group W (D 5 ) ∼ = ( /2 ) 4 ⋊ S 5 of order 1920. We thus have to study the cohomology groups H 1 (G, P), for G ⊆ ( /2 ) 4 ⋊ S 5 any subgroup and P the ( /2 ) 4 ⋊S 5 -module Pic U k sep , which is the same for all open del Pezzo surfaces of degree four.
The group ( /2 ) 4 ⋊S 5 has 197 conjugacy classes of subgroups [BCP] . Among them, there are five maximal subgroups, which are of indices 2, 5, 6, 10, and 16, respectively. The first four of these are just the preimages under the natural projection p : ( /2 ) It has been known for a while as an experimental result that H 1 (G, P) may only be ( /2 ) e , for 0 ≤ e ≤ 4, or /4 × ( /2 ) e , for 0 ≤ e ≤ 2 [JS, BL] . In Section 3 of this article, we give a formal proof that every class is annihilated by 4. Moreover, we classify the nontrivial classes that may arise. It turns out that H 1 (G, P) 2 is generated by classes of two different kinds, which we call Brauer classes of types I and II. A 2-torsion class of type I occurs when G is the index 5 subgroup, and every 2-torsion class of type I is a restriction of that. Similarly, a 2-torsion class of type II occurs when G is the maximal index 10 subgroup, and every 2-torsion class of type II is its restriction. Moreover, there are two types of 4-torsion classes possible, which occur when G is contained in specific subgroups of orders 24 and 64, respectively.
The Brauer-Manin obstruction. Let k be a number field. The Grothendieck-Brauer group is a contravariant functor from the category of schemes to the category of abelian groups. In particular, given a scheme U and a k ν -rational point x : Spec k ν → U, for k ν any completion of k, there is a restriction homomorphism x * : Br(X) → Br(k ν ) ⊆ −→ É/ . For a Brauer class α ∈ Br(U), one calls ev α,ν : U(k ν ) −→ É/ , x → x * (α) , the local evaluation map, associated with α. The local evaluation map ev α,ν is continuous with respect to the ν-adic topology on U(k ν ) [Ja, Chapter IV, Proposition 2.3.a.ii)]. Let U be a separated scheme that is smooth and of finite type over k and let U be a model of U (cf. Definition 5.2). Then, for every α ∈ Br(U), there exists a finite set S U ,α [Sk, §5.2 ] of places such that the restriction ev α,ν | U (O k,ν ) : U (O k,ν ) −→ É/ is the zero map for each ν ∈ S U ,α . Consequently, for the set of all S-integral points, one has the inclusions (cf. [CX, §1] )
Here, S may be any finite set of places that includes all archimedean ones.
This phenomenon is called the Brauer-Manin obstruction and, at least from our point of view, it is the most important application of the Brauer group. In the form described here, for S-integral points, it is due to J.-L. Colliot-Thélène and F. Xu. In [CX] , many classical counterexamples to the integral Hasse principle or strong approximation (cf. [DW, Definition 2.1] or [PR, §7.1] ) off certain primes were explained by the Brauer-Manin obstruction. For k-rational points in the case of a proper scheme over a number field k, the Brauer-Manin obstruction is due to Yu. I. Manin [Ma, Chapter VI] and takes the form that a nontrivial Brauer class may exclude certain adelic points from being approximated by k-rational points. In particular, the Brauer-Manin obstruction may explain counterexamples to the Hasse principle.
Methods for explicit evaluation. The two final sections of this article are devoted to methods for the evaluation of the Brauer classes on open degree four del Pezzo surfaces. Thereby, we distinguish between the four types. 2-torsion classes of type I have been evaluated before [JS] . These are, in fact, cyclic classes, which means that there exists a normal subgroup G ′ ⊂ G with cyclic quotient G/G ′ such that the class vanishes under restriction to H 1 (G ′ , P). In this case, Manin's original [Ma, §45] class field theoretic approach to the evaluation applies. A 2-torsion class of type I occurs when one of the degenerate quadrics in P 4 defining U is k-rational and the corresponding two linear systems of conics are interchanged by Gal(k sep /k). For these concepts related to the geometry of U, cf. Figure 1 below and the discussion prior to it.
We show that 4-torsion classes of type I are cyclic, too. They allow a beautiful geometric interpretation, as well. There is a quadrilateral responsible for such a class, which is cut out of U by a k-rational hyperplane. The edges of this quadrilateral are acted upon cyclically by Gal(k sep /k). However, it happens that 2-torsion classes of type II are usually non-cyclic, a phenomenon that has no analogue, e.g., for proper cubic surfaces [EJ10] and shows that the present case is more difficult. Worse, H 1 (G, P) 2 does not even need to be generated by cyclic classes. Nonetheless, the explicit evaluation of 2-torsion classes of type II is not hard. Indeed, they turn out to be corestrictions of 2-torsion classes of type I.
Finally, the 4-torsion classes of type II are the most mysterious to us. For their evaluation, in general, only a generic algorithm helps. We describe such an algorithm as well as our implementation in the final section of this article. The basic idea is to describe the Brauer class under consideration by an explicit 2-cocycle c with values in the function field l(U) * , for l the field of definition of the 16 lines. In order to evaluate at a point ξ over a p-adic field k ν , c has to be restricted, at first. The result is a 2-cocycle c ν,ξ describing a Brauer class of k ν .
It is, however, not entirely obvious how to compute from c ν,ξ the invariant as an element in É/ . The difficulty occurs when the 2-cocycle c ν,ξ does not come via inflation from a cyclic quotient of Gal(k ν /k ν ). We solve this problem by a computeralgebraic approach. In the case when the groups involved are sufficiently close to being cyclic, such as dihedral groups, it is known that the same may be achieved essentially without using a computer, cf. [Pr, Example 4.4] or [Be, §4] .
Convention 1.1. Throughout this article, we assume that k is a field of characteristic = 2.
Acknowledgement. We wish to thank Andreas-Stephan Elsenhans (Paderborn) for several hints on how to handle in magma the relatively large number fields that occurred in the computations related to this project.
The Picard group and its automorphism group
Generalities on del Pezzo surfaces of degree four.
A del Pezzo surface is a non-singular, proper algebraic surface X over a field k with an ample anti-canonical sheaf K −1 . Every non-singular complete intersection of two quadrics in P 4 is del Pezzo, according to the adjunction formula, and clearly of degree four. The converse is true, as well. For every del Pezzo surface of degree four, its anticanonical image is the complete intersection of two quadrics in P 4 [Do, Theorem 8.6.2] .
Thus, associated with a degree four del Pezzo surface X, there is a pencil (λq 1 + µq 2 ) (λ:µ)∈P 1 of quadrics in P 4 , the base locus of which is X. This pencil is uniquely determined up to an automorphism of P 4 . It contains exactly five degenerate fibres, each of which is exactly of rank 4 [Wi, Proposition 3.26.iv)] .
Over an algebraically closed field, a degree four del Pezzo surface contains exactly 16 lines, which generate the Picard group. The same is still true if the base field is only separably closed [Va, Theorem 1.6] . Of more fundamental importance for us, however, are the ten one-dimensional linear systems of conics [VAV, §2.3] , which are obtained as follows. Take the five degenerate quadrics in the pencil, which, again, are defined over k as soon as k is only separably closed [Wi, Proposition 3.26 .ii)]. As they are of rank 4, each of them contains two one-dimensional linear systems of planes. Intersecting with a second quadric from the pencil, one finds one-dimensional linear systems of conics. In particular, the ten linear systems of conics naturally break into five pairs. Numbering the degenerate quadrics from 1 to 5, we denote the linear systems of conics as follows. The picture might suggest that the automorphism group of Pic X is the wreath product S 2 ≀ S 5 = ( /2 ) 5 ⋊S 5 . There is, however, an additional fine structure that reduces this group by a further index of 2.
Lemma 2.1 (Automorphisms of the Picard lattice). Let X be a del Pezzo surface of degree four over a separably closed field. i) Then the group W of all automorphisms of Pic X respecting the canonical class K and the intersection pairing is isomorphic to the Weyl group
being acted upon by S 5 in the natural way.
ii) The operation of W permutes the ten classes of the linear systems of conics faithfully, according to the natural embedding ( /2 )
⋊S 5 is well-known [Hu, §12] and the main part of assertion i) is [Ma, Theorem 23.9] . Observe that Pic X = Pic X k , as the latter is generated by the classes of the 16 lines, which occur in Pic X already. Assertion ii) is explained in [KST, .
⋊S 5 is a subgroup of the wreath product S 2 ≀S 5 = ( /2 ) 5 ⋊S 5 in a natural way, and we work in its standard imprimitive permutation representation ι : S 2 ≀ S 5 ֒→ S 10 in degree 10 [DM, §2.6] . Note that Condition (1) yields that )) = −1, such that the Riemann-Roch Theorem yields
Thus, D is represented by an effective curve of degree D(−K) = 1, a line. The operation of W sends D to an orbit of length 16, consisting exactly of the divisor classes described.
Remark 2.4 (The blown-up model). a) A del Pezzo surface of degree four over a separably closed field is isomorphic to P 2 , blown up in five points x 1 , . . . , x 5 in general position [Va, Theorem 1.6 ]. In the blown-up model, the 16 lines are given as follows, cf. [Ma, Theorem 26.2] . i) E i , for i = 1, . . . , 5, the exceptional curve lying above the blow-up point x i . ii) L ij , for 1 ≤ i < j ≤ 5, the strict transform of the line through x i and x j . The class of L ij in Pic X is L − E i − E j , for L the inverse image of the class of a general line in P 2 .
iii) C, the strict transform of the conic through all five blow-up points. The class of C in Pic X is 2L − E 1 − · · · − E 5 .
b) In addition, the ten linear systems of conics are easily identified to lie in the classes
. . , 5. In fact, it is well known that lines through a point and conics through four points in general position form pencils of effective curves in P 2 . Furthermore, the intersection numbers with the hyperplane section H = 3L − E 1 − · · · − E 5 are directly seen to be equal to 2, so that the curves are indeed conics. Moreover, the arrangement of the ten divisor classes given above is such that [e i ] + [e 
for 1 ≤ i < j ≤ 5, and iii) (Four primes)
Open del Pezzo surfaces of degree four. The open degree four del Pezzo surfaces, which are the subject of this note, are the following.
Definition 2.5. By an open del Pezzo surface of degree four, we mean the complement U = X \ H of a geometrically irreducible hyperplane section X ∩ H of a del Pezzo surface X of degree four. 
, where the total number of plus signs is even. Proof. As X ∩ H is geometrically irreducible, [Ha, Proposition II.6.5] shows that Pic U = Pic X/ H = Pic X/ K . Thus, assertions ii) and iii) are immediate consequences of their counterparts formulated in Facts 2.3. Concerning i), the direct implication of Fact 2.3.i) is a sixth generator of the form
] , which, however, yields the same group.
The Brauer group
Generalities. The cohomological Grothendieck-Brauer group Br(U) of a scheme U is, by definition [Gr, Remarque 2.7] , theétale cohomology group H 2 et (U, m ). If U is defined over a field k then the Hochschild-Serre spectral sequence [SGA4, Exp. VIII, Proposition 8.4 ]
One has Br 0 (U) ∼ = Br(k) if U has a k-rational point, or, in the case that k is a number field, an adelic point [Co, Proposition 1.3.4.1] . (Note that the assumption of projectivity made in [Co] is not used in the proof of this particular statement.)
The subquotient Br 1 (U)/ Br 0 (U) is called the algebraic part of the Brauer group. It is, in general, isomorphic to
the differential in the Hochschild-Serre spectral sequence. Because of Γ(U k sep , m ) = (k sep ) * , the right hand side simplifies to
. Moreover, if k is a number field then, as a by-product of class field theory [Ta, section 11.4] , it is known that the latter group vanishes.
Let us note here that open del Pezzo surfaces of degree four may well have transcendental Brauer classes [JS, Examples 6 .1 and 7.1], i.e. such not contained in Br 1 (U).
of the homomorphism defined by the spectral sequence with that induced by the restriction to the generic point has a more direct description as follows [Li, §2] . The homomorphism r factors via the quotient of
. And the resulting homomorphism is the boundary map in cohomology associated with the short exact sequence
ii) For example, when U is an open del Pezzo surface of degree four, the homomorphism
is characterised by this description of r. Indeed, the subsequent homomorphism res is injective. This is an immediate consequence of the injectivity of res : Br 1 (U) → Br(k(U)), which is true under some minor assumptions [Gr, Corollaire 1.8] 
⋊S 5 be any subgroup. Then we write p : G → S 5 for the natural projection, and put T := ker p and S := im p. One thus has S ⊆ S 5 , T ⊆ ( /2 ) 4 , and there is a short exact sequence 0 → T → G → S → 0.
Notation 3.3 (The submodule generated by the linear systems of conics). We write P for the subgroup of P generated by the classes of the linear systems [e 1 ], . . . , [e 5 ]. Then P is actually a sub-G-module of P, and one has the short exact sequence
of G-modules, in which /2 represents a module with trivial G-operation. The associated long exact sequence in cohomology reads
⋊S 5 be an arbitrary subgroup. Then every element of H 1 (G, P ) is annihilated by 2.
Proof. First step. Inflation. In the inflation-restriction sequence
let us first consider the term H 1 (S, P T ) on the left. One has P T = [X], for X a subset of {1, . . . , 5} that is invariant under S ⊆ S 5 , hence
where the direct sum runs over a system of representatives of the S-orbits of X, and S x denotes the stabiliser of x. Consequently, according to Shapiro's lemma,
Observe here that the operation of S x on is trivial. Thus, H 1 (G, P ) injects into H 1 (T, P ) and it suffices to show that H 1 (T, P ) is annihilated by 2. Second step. Restriction. As a T -module, P splits into the direct sum 
≤ 2, the proof is complete.
⋊S 5 be an arbitrary subgroup. Then every element of H 1 (G, P) is annihilated by 4.
Proof. In the exact sequence (4), the term to the far right is obviously annihilated by 2, while H 1 (G, P ) is annihilated by 2, according to Lemma 3.4. The assertion follows.
Remark 3.6. This result has been known to us before as an experimental finding, just calculating H 1 (G, P) in magma for all 197 conjugacy classes of subgroups of ( /2 ) 
2-torsion.
Lemma 3.7. Let G ⊆ ( /2 ) 4 ⋊S 5 be an arbitrary subgroup. a) Then there are the natural isomorphisms i) ι P :
Under ι P and ι Pic , the homomorphism j : c) The boundary homomorphism δ : /2 → H 1 (G, P ) (cf. (4)) satisfies
Proof. a) By Lemma 3.4, H 1 (G, P ) is annihilated by 2. Moreover, the commutative diagram
of short exact sequences induces the commutative diagram
of long exact sequences in cohomology. b) res G G ′ , and cores G G ′ commute with arbitrary boundary homomorphisms, in particular with ι P and ι Pic . The assertion therefore follows from the naive description of restriction and corestriction on zeroth cohomology [Se, Chapitre VII, §7] . c) We observe that the diagram
As a consequence, we observe that all 2-torsion classes in H 1 (G, P) are induced by H 1 (G, P ), and hence can be obtained in only considering the submodule P of P that is generated by [e 1 ], . . . , [e 5 ].
Corollary 3.8. Let G ⊆ ( /2 ) 4 ⋊S 5 be an arbitrary subgroup. Then the natural homomorphism j :
Proof. According to Lemma 3.7.a), we have to show that (P/2P) G is generated by the images of (P/2P ) G and P G . For this, let α ∈ (P/2P) G be an arbitrary element and choose a representative α ∈ P. The assumption on α then means that σ( α) − α ∈ 2P, for each σ ∈ G.
Moreover, as σ operates as a signed permutation, d 1 +· · ·+d 5 is even. However, such an element can lie in 2P only when every coefficient is even, which implies that α represents a class in (P/2P ) G .
. Such a linear combination lies in 2P when either every coefficient is even or every coefficient is odd. Therefore, unless σ( α) − α = 0 for each σ ∈ G and hence α ∈ P G , there must be some σ ∈ G such that σ( α) = − α. Then, in particular, σ changes the parity of the number of coefficients of α that are positive. This is, however, a contradiction, as elements of G ⊆ ( /2 ) 4 ⋊S 5 operate as permutations followed by evenly many sign reversals. ]} ⊂ P is acted upon by G either transitively or in such a way that it has exactly two G-orbits. In the former case, we say that O is is a non-split S-orbit. In the latter case, it is called a split S-orbit.
⋊S 5 be an arbitrary subgroup and M be the free /2 -module generated by O j = {i j,1 , . . . , i j,n j }, for j = 1, . . . , k the orbits of S ⊆ S 5 . Then H 1 (G, P) 2 is the quotient of M modulo (O 1 + · · ·+ O k ) and the split S-orbits.
Proof. One clearly has
On the other hand, P G is generated by all elements obtained as the sum of a G-orbit. In the non-split case, such a sum vanishes. Otherwise, it is mapped to O j under the projection to (P/2P ) G . Thus, Lemma 3.7.a.i) shows that H 1 (G, P ) is the quotient of M modulo all split S-orbits. Corollary 3.8 together with Lemma 3.7.c) proves the claim.
In particular, let us observe the consequence below.
⋊S 5 is a subgroup such that H 1 (G, P) = 0 then S := p(G) ⊆ S 5 is intransitive, i.e. it has at least two orbits. Proof. By Theorem 3.5, H 1 (G, P) = 0 is possible only when H 1 (G, P) 2 = 0. The explicit description of H 1 (G, P) 2 given in Theorem 3.10 therefore implies the claim.
Like all results in this section, the corollary above immediately translates into a result about open del Pezzo surfaces of degree four.
4 be an open del Pezzo surface of degree four over a field k and suppose that
Then a) the five degenerate quadrics in the pencil defining X are acted upon intransitively by the Galois group
Proof. a) immediately follows from Corollary 3.11 and b) is just a reformulation of a).
2-torsion classes of types 1 and 2.
Definition 3.13. Let α ∈ H 1 (G, P) 2 be a nonzero element. i) Suppose that i ∈ {1, . . . , 5} is S-invariant. I.e., that {i} is an S-orbit of length one. If α = ι Pic ([e i ]) then we call α a 2-torsion class of type I. ii) Analogously, if {i, j} ⊂ {1, . . . , 5} is an S-orbit of length two then we call α = ι Pic ([e i ] + [e j ]) a 2-torsion class of type II.
Lemma 3.14. Let G ⊆ ( /2 ) 4 ⋊S 5 be an arbitrary subgroup. Then H 1 (G, P) 2 is generated by 2-torsion classes of types I and II.
Proof. An orbit of length 5 defines the zero class. Furthermore, orbits of lengths 3 and 4 may be replaced by the complementary S-invariant sets, which are of sizes 2 and 1, respectively. This completes the proof. Figure 2. The generator of the cyclic group G Then H 1 (G, P) 2 ∼ = /2 and a generator is provided by the element
which may be considered as being of type I, as well as II. Let us note that one has, in fact, H 1 (G, P) ∼ = /2 in this example.
Corollary 3.16 (A nontriviality criterion for type I). Let G ⊆ ( /2 ) 4 ⋊S 5 be an arbitrary subgroup and {i} ⊂ {1, . . . , 5} an S-orbit of length one that is non-split. I.e., such that σ([
Proof. According to Theorem 3.10, one has to show that there is a second nonsplit orbit in {1, . . . , 5}. Assume, to the contrary, that all the remaining orbits would be split. Then an element σ ∈ G as above operates on
where the j, j 1 , . . . , j l−2 , and j l−1 are all distinct and = i. Each such cycle, however, comes in a pair together with a second one that has all signs reversed. Hence, σ in total operates as an odd permutation on all the ±[e 1 ], . . . , ±[e 5 ], which is a contradiction to formula (2).
Remark 3.17. Immediately from Definition 3.13, one has the following two observations. i) The largest subgroup of ( /2 ) 4 ⋊S 5 that gives rise to a 2-torsion class of type I is p −1 (S 4 ), i.e. that of index 5. This is clearly a maximal subgroup of ( /2 ) 4 ⋊S 5 , of order 384.
ii) The largest subgroup of ( /2 ) 4 ⋊S 5 that gives rise to a 2-torsion class of type II is p −1 (S 2 ×S 3 ), of index 10. This is a maximal subgroup of ( /2 ) 4 ⋊S 5 , too, of order 192.
Remark 3.18. An experiment in magma, running in a loop over the 197 conjugacy classes of subgroups of ( /2 ) 4 ⋊S 5 , shows that H 1 (G, P) 2 is isomorphic to i) 0 in 59 cases, ii) /2 in 71 cases, iii) ( /2 ) 2 in 47 cases, iv) ( /2 ) 3 in 17 cases, and v) ( /2 ) 4 in three cases. These are the group G = ( /2 ) 4 and its subgroups of orders 8 and 4 that are still large enough not to split any of the pairs {[e i ], [e ′ i ]}, for i = 1, . . . , 5. The order 4 group may be thought of as being generated by an element reversing the sign of [e i ], for i = 1, 2, and that doing the same for i = 2, 3, 4, 5. Figure 3 . Generators of the order 4 group 4-torsion.
⋊S 5 be an arbitrary subgroup. a) Then there is an isomorphism ι Pic,4 : H 1 (G, P)
Proof. By Theorem 3.5, H 1 (G, P) is annihilated by 4. Moreover, the commutative diagram
of long exact sequences in cohomology. This immediately establishes part a) and the first assertion of b). Observe that 2c is G-invariant modulo 4P, since c is G-invariant modulo 2P. The second assertion of b) is a direct consequence.
There are two obvious ways to explicitly construct a 4-torsion class.
3.20 (4-torsion classes of type I). Suppose that G ⊆ S 3 × /4 , which occurs as a subgroup of ( /2 ) 4 ⋊S 5 in the manner below. Observe that τ clearly commutes with the operation of S 3 and that every element of S 3 × /4 indeed operates as an even permutation on the ten objects [e
⋊S 5 be a subgroup of the type just described.
In particular, one has the class In order to show that indeed 2α = 0, let τ ′ ∈ G be an element that is mapped under the canonical projection to a generator of /4 . Then τ ′ alone makes sure that the S-orbit {4, 5} is non-split. In addition, every S-orbit contained in {1, 2, 3} is non-split, as well, so that, in particular, there is at least a second one. Consequently, Examples 3.23. a) Let G be the cyclic group of order 4 generated by the element depicted below. Then conditions i) and ii) are satisfied. Figure 5 . The generator of the cyclic group G of order 4 b) Take for G the cyclic group of order 8 generated by the following element. Then G satisfies conditions i) and ii). In particular, one has the class
Proof. a) Let σ ∈ G be an arbitrary element. Occurrence of 4-torsion.
Convention 3.25. We say that a 4-torsion class in H 1 (G, P) is of type I or II, if it is so after a suitable permutation of the indices 1, . . . , 5. In this case, we also say that the subgroup G ⊆ ( /2 ) 4 ⋊S 5 is of type I or II.
Remark 3.26 (Occurrence of type I). a) There are exactly six conjugacy classes of subgroups of ( /2 ) 4 ⋊S 5 that lead to a 4-torsion class of type I. These correspond one-to-one to the six conjugacy classes of subgroups of S 3 × /4 that surject onto /4 under the natural projection. i) Among these, there are the groups of the form S × /4 , for S ⊆ S 3 any of the four conjugacy classes of subgroups. ii) A fifth conjugacy class is represented by the cyclic subgroup of order four being contained in S 2 × /4 ⊂ S 3 × /4 as the kernel of
Letting S 2 act on {2, 3}, a generator of this group operates as follows. iii) Similarly, the sixth conjugacy class is represented by the subgroup of order twelve being the kernel of
(sgn,pr)
As an abstract group, this is the dicyclic group Dic 3 , contrary to A 3 × /4 , which is cyclic of order twelve.
b) The largest subgroup that yields a 4-torsion class of type I is isomorphic to S 3 × /4 . It is of order 24, thus of index 80 in ( /2 ) 4 ⋊S 5 , and contained in the maximal subgroup of index 10, but not in that of index 5.
Remarks 3.27 (Occurrence of type II). a) There are exactly eight conjugacy classes of subgroups of ( /2 ) 4 ⋊S 5 that give rise to a 4-torsion class of type II. b) The largest of them is of order 64, thus of index 30 in ( /2 ) 4 ⋊S 5 . In fact, condition 3.22.i) requires an index of at least 15, which is equivalent to saying that G be contained in a 2-Sylow subgroup. Furthermore, condition ii) enforces another index 2. It is contained in the maximal subgroup of index 5, but not in that of index 10. The groups of type II are of orders 4, 8, 8, 16, 16, 32, 32, and 64, respectively. Each contains an element of order 4 as shown in Figure 5 or an element of order 8 as shown in Figure 6 .
⋊S 5 be a subgroup and assume that H 1 (G, P) contains a proper 4-torsion element. a) Then G is of type I or of type II.
b) The order four group of type II is of type I, as well. There is no further overlap between these two types.
Proof. a) This is an experimental observation. Running a loop over all 197 conjugacy classes of subgroups of ( /2 ) 4 ⋊S 5 , one finds 4-torsion in no case other than those described.
b) The element shown in Figure 5 clearly coincides with that depicted in Assume there would be another overlap. Then the corresponding group G must be a 2-group, which excludes all type I cases, except for the groups S × /4 , for S the trivial group or /2 . In these situations, p(G) ⊆ S 5 is either a group of order 2, generated by a 2-cycle, or a group of order 4, generated by two disjoint 2-cycles. Neither of these occurs as a subgroup of D 4 that interchanges the two blocks. c) In the overlap case, H 1 (G, P) 2 ∼ = /2 , which implies that H 1 (G, P) ∼ = /4 . Consequently, H 1 (G, P) contains only one direct summand /4 , for any of the groups considered. In order to estimate the exponent e, we observe that
and that the number of S-orbits, {1, . . . , 5} decomposes into, is at most 4 for type I and at most 3 for type II. Hence, e + 1 ≤ 3 and e + 1 ≤ 2, respectively. Remarks 3.29. i) For type I, the groups H 1 (G, P) occurring are /4 ⊕ ( /2 ) 2 in the case of the naive order 4 group (i.e., S being the trivial group), /4 ⊕ /2 in the case of the order 8 group (i.e., S ∼ = /2 ), and /4 , otherwise.
ii) For type II, the group H 1 (G, P) is /4 ⊕ /2 in two cases and /4 , otherwise. 
The two groups that lead to H 1 (G, P) = /4 ⊕ /2 are of orders 8 and 16 and generated by the element of order 4 shown in Figure 5 , together with the element depicted to the left in Figure 8 and, in the case of the order 16 group, that shown to the right.
Behaviour under restriction
Proper cubic surfaces-Comparison with a well-known case. For P cs ∼ = 6 the Picard group of a proper cubic surface acted upon by its automorphism group W (E 6 ), there is the following fact.
is injective.
Proof. For 2-torsion, this is [EJ10, Corollary 5.9 .ii) and iii)], while, for 3-torsion, the same is shown in [EJ12, Corollary 3.19 .ii) and iii)]. No higher torsion occurs in this case [SwD] .
2-torsion. Taking Fact 4.1 as a guideline, in the situation of an open degree four del Pezzo surface, one may at least say the following.
′ -invariant set, too, and one has
In particular, the two types of 2-torsion classes behave under restriction as follows.
i) The restriction of a 2-torsion class of type I is always a 2-torsion class of type I or 0.
ii) The restriction of a 2-torsion class of type II is a 2-torsion class of type II or a sum of two 2-torsion classes of type I. However, in the latter case, one of the summands or both may be degenerate to 0. These two observations are certainly a justification for the definition of the two types. For 4-torsion classes, there is a stronger result.
4-torsion.
⋊ S 5 be a subgroup and G ′ ⊆ G be another. Suppose that both H 1 (G, P) and H 1 (G ′ , P) have proper 4-torsion classes. Then the homomorphism
induced by restriction, is an isomorphism.
Proof. The groups are of order 2 on either side, so that we only have to show that the homomorphism is nontrivial. For that, let us recall the commutative diagram of exact sequences
which, according to Corollary 3.8, induces the commutative diagram
Thus, the assertion is true, unless G ′ is contained in the kernel of the nontrivial homomorphism σ : G → /2 in the image of i G . In order to exclude this possibility, let us explicitly describe σ. We have to distinguish between the two cases. First case. G is of type I. Then, after a suitable permutation of the indices, the situation is as in 3.20 and ). The homomorphism σ : G → /2 is then the reduction modulo P of the boundary δα ∈ H 1 (G, P). Calculating the boundary map δ : H 0 (G, P/4P) → H 1 (G, P) in the usual way, one finds that σ is the restriction to G of the homomorphism
Second case. G is of type II. Here, after permuting indices if necessary, the situation is as described in 3.22 and H 1 (G, P)/H 1 (G, P) 2 is generated by the class of α = ι Pic,4 ([e 1 ] + 2[e 2 ] + 2[e 4 ]). Calculating the boundary map δ : H 0 (G, P/4P) → H 1 (G, P) and reducing modulo P , one finds that σ : G → /2 is given by
The assumption that G ′ ⊆ ker σ therefore yields that one of the [e i ] is completely fixed under G ′ or that {1, . . . , 5} contains a split orbit of size three. Either conclusion is incompatible with the assumption that H 1 (G ′ , P) contains a proper 4-torsion element of either type.
Thus, the restriction of a 4-torsion class may only be a 4-torsion class of the same type, or a 2-torsion class, or 0. ⋊ S 5 be a subgroup such that there is a proper 4-torsion class α ∈ H 1 (G, P) and let G ′ ⊆ G be any subgroup.
i) Suppose that α is of type I. Then G ⊆ S 3 × /4 and one has the natural surjection s : G ։ τ ∼ = /4 . The following statements are true.
•
is a proper 4-torsion class.
is the zero class. ii) If α is of type II, suppose that the indices 1, . . . , 5 are normalised as in 3.22. Then,
• If G ′ splits the orbit {1}, but either of the sets {2, 4} and {3, 5} contains at least one non-split orbit then res G G ′ (α) is a nontrivial 2-torsion class.
• Finally, if G ′ splits the orbit {1} and either {2, 4} or {3, 5} consists entirely of split orbits then res 
Evaluation of the Brauer classes and examples
Convention 5.1. In this section and the next, k is always assumed to be a number field.
Definition 5.2. Let U be a separated scheme that is smooth and of finite type over k. Then by a model of U, we mean a separated scheme U that is of finite type over O k , the ring of integers in k, such that
Example 5.3. Let q 1 , . . . , q r , h ∈ k[X 0 , . . . , X N ] be homogeneous forms such that U := V (q 1 , . . . , q r )\V (h) ⊂ P N k is a hypersurface complement of a complete intersection. Then, for forms q 1 , . . . , q r , h ∈ O k [X 0 , . . . , X N ] that are just scalar multiples of q 1 , . . . , q r , and h, respectively, the subscheme U :
Constancy of the local evaluation map. Let U be as above, α ∈ Br(U), and U be a model of U. In such a situation, based on fundamental results of M. Bright [Br07] , one may often indicate an explicit
Theorem 5.4 (Constancy of the evaluation map). Let X be an irreducible scheme being proper and smooth over k and having the property that Pic 0 X k = 0, (i.e., that Pic X k = NS X k ). Denote by l the field of definition of NS X k . Moreover, let π : B ։ X be an A n -bundle, for some n ≥ 0, and U ⊂ B an open subscheme. Suppose that Pic U k is torsion-free. Then, for each prime ideal p ⊂ O k that is unramified in l, every model U of U that is smooth above p and whose special fibre U p is irreducible, and any algebraic Brauer class α ∈ Br 1 (U), the local evaluation map ev α,p :
Proof. One has Pic B k = Pic X k , according to [Ha, Exercise II.6.3.a) ]. Consequently, Pic U k is a quotient of Pic X k . In particular, Pic U k is acted upon trivially by Gal(k/l), which shows that
In particular, one has α| U l ∈ Br 0 (U l ). After possibly adding a constant Brauer class, one may assume that α| U l = 0. Furthermore, according to our assumptions, U O k,p fulfils M. Bright's [Br07, page 3] Condition (*). (Note that the arguments in [Br07] work over O k,p , as well as over p .) Therefore, [Br07, Propositions 6 and 3] show that the local evaluation map ev α,p factors via H 2 (Gal(l/k), O * l ). The latter cohomology group, however, vanishes in the unramified case, according to [Se, Chap. V, §2] .
Remark 5.5 (Good reduction implies being unramified). Let X be a surface and p ⊂ O k be a prime ideal such that there is a model X of X that is proper over O k and smooth above p. Then p is unramified in the field of definition of NS X k . Indeed, this follows from the smooth specialisation theorem forétale cohomology [SGA4, Exp. XVI, Corollaire 2.3]. Cf. [CEJ, Lemma 2.3 .5] for a detailed argument.
Remarks 5.6. i) A proper del Pezzo surface of degree four fulfils the general assumptions made on X. Thus, let X be a proper del Pezzo surface of degree four having a model X that is irreducible and has an irreducible special fibre X p . Moreover, let U ⊂ X be an open subscheme that excludes the singular points of X p . Then the local evaluation map ev α,p : U (O k,p ) → É/ is constant, as long as p is unramified in the field l of definition of NS X k . ii) A non-singular space quadric X fulfils the general assumptions, too. Having taken out the cusp, the cone above X is an A 1 -bundle, to which Theorem 5.4 applies. We make use of this in Corollary 5.16, below.
Corestriction.
Let U ′ → U be a finiteétale morphism of schemes. Then there is a natural corestriction homomorphism cores
In the case of affine schemes, a construction is described in [Sa, Chapter 8] and [Gre, Chapter II, §1] . As that commutes with arbitrary base change [Sa, Theorem 8.1.d) ], the corestriction extends directly to the setting of general schemes.
Remark 5.7. In the case of a finite [separable] field extension, one recovers the usual corestriction in Galois cohomology [Gre, Chapter II, Proposition 1.6 ].
The case relevant to us is that U is an open del Pezzo surface of degree four over k and U ′ := U l is a base extension of U. There are the following two results.
Lemma 5.8. Let U be an open del Pezzo surface of degree four over k and l a finite extension field. Then the diagram
commutes, in which the upper arrow is induced by corestriction, the lower arrow is the corestriction in Galois cohomology, and the upwards arrows are the isomorphisms induced by the Hochschild-Serre spectral sequence (cf. Section 3).
Proof. The diagram
in which the upwards arrows are the boundary homomorphisms associated with the short exact sequence
commutes. Indeed, corestriction commutes with boundary homomorphisms. On the other hand, the natural diagram
commutes as well. For the lower square, this is Remark 5.7. The assertion immediately follows from this, in view of the elementary descriptions of the isomorphism H 1 (Gal(k/k), Pic U k ) → Br 1 (U)/ Br 0 (U) and its analogue over l, given in Remarks 3.1.i) and ii).
Lemma 5.9. Let U be any scheme over k and l a finite extension field. Then, for every α ∈ Br U l , every place ν of k, and every x ∈ U(k ν ), one has
the sum running over all places w of l that lie above ν.
Proof. There is the Cartesian diagram
As the corestriction commutes with base change, x * cores
Here, the next-to-last equality is one of the fundamental properties of the invariant of a Brauer class of a local field [Se, Chapitre XI, §2, Proposition 1.ii)].
Cyclic classes.
A class c ∈ H 1 (Gal(k/k), Pic U k ) is called cyclic if there is a Galois extension l/k with cyclic Galois group such that the restriction of c to H 1 (Gal(k/l), Pic U k ) vanishes. In the abstract setting of section 3, this means that a class in H 1 (G, P) is cyclic if there is a normal subgroup H ⊳ G with cyclic quotient G/H such that the restriction to H 1 (H, P) vanishes.
Proposition 5.10 (Manin's class field theoretic method for evaluation). Let U be an open del Pezzo surface of degree four over k. Assume that U has an adelic point. Moreover, let c ∈ H 1 (Gal(k/k), Pic U k ) be a cyclic class and let l/k be a cyclic Galois extension that annihilates c. a) Then c is the image under inflation of a class c ∈ H 1 (Gal(l/k), Pic U l ).
b) There is a natural isomorphism
where Div denotes the Galois module of all divisors, Div 0 the submodule of principal divisors, and N the norm. c) Fix a generator σ ∈ Gal(l/k) and put c − := cl σ ∪ c ∈ H −1 (Gal(l/k), Pic U l ), for cl σ ∈ H −2 (Gal(l/k), ) the fundamental class. Moreover, let f ∈ k(U) be a rational function representing a principal divisor in the residue class ι(c − ).
Then there is a lift α ∈ Br(U) of c such that, for every place ν of k and every x ∈ U(k ν ), at which f is defined and nonzero, ev α,ν (x) = i/[l w : k ν ] if and only if
Here, w is any place of l lying above ν and (., l w /k v ) denotes the norm residue symbol [Se, Chapitre XIII, §4].
Proof. a) A direct application of the inflation-restriction sequence yields that c is the image of a class from 
the fundamental class cl σ is that mapped to σ.
This follows immediately from the construction of ι given in the proof of [Ma, Proposition 31.3] .
iii) The ambiguity that the rational function f itself is determined by div f only up to a constant factor is absorbed by the possible choices of a lift of c ∈ H 1 (Gal(k/k), Pic U k ) ∼ = Br 1 (U)/ Br(k) to Br(U). iv) At a point x where f is undefined due to a pole or at which f (x) = 0, one can often nevertheless determine ev α,ν (x) using the continuity of ev α,ν . Moreover, there exists a rational function g ∈ l(U l ) such that f ·N l/k (g) is defined and nonzero at x. Indeed, U l is a regular scheme and therefore the divisor (−L) is locally principal.
2-torsion classes of type I.
Lemma 5.12. Let G ⊆ ( /2 ) 4 ⋊S 5 be a subgroup. Then i) a 2-torsion class ι Pic ([e i ]) ∈ H 1 (G, P) of type I is always cyclic. In fact, let H ⊆ G be the stabiliser of [e i ]. Then G/H ∼ = /2 and ι Pic ([e i ]) is the image under inflation of the class c ∈ H 1 (G/H, ·[e i ]) of the 1-cocycle
Proof. i) Observe at first that · [e i ] ⊆ P H , according to the definition of H. The assertion then follows from the explicit description of ι Pic , cf. Lemma 3.7.a.ii), together with a calculation in cocycles. ii) is a consequence of i) and the explicit formula for the cup product, given in [Se, Chapitre XI, Annexe, Lemme 3].
(Evaluation-Planes tangent to degenerate quadrics). Let
be an open del Pezzo surface of degree four over k, on which there is an algebraic 2-torsion Brauer class α of type I. Then α = ι Pic ([e i ]), for a certain linear system e i of conics. In particular, one of the five degenerate quadrics in the pencil (λq 1 + µq 2 ) (µ:ν)∈P 1 , that containing the entire system e i , is k-rational. Let us say that such a quadric induces the class α.
Without restriction, assume that V (q 1 ) induces the Brauer class α. Then we take a hyperplane V (t) that is tangent to V (q 1 ). Over a quadratic extension field l = k( √ d), the intersection V (q 1 ) ∩ V (t) splits into two planes, such that div t decomposes into two components, a conic C i from the class [e i ] and its conjugate from [e ′ i ]. Hence, div t = N l/k C i and div 1/t = N l/k (−C i ). The evaluation of the Brauer class is therefore given by the norm residue symbols
Note that when the splitting occurs already over k then {i} is a split orbit and ι Pic ([e i ]) = 0, according to Theorem 3.10.
Remarks 5.14. i) (Some kind of normal form). One may write the rank-4 quadric in the form l 1 l 2 − l k be an open del Pezzo surface of degree four over k having a 2-torsion class α ∈ Br 1 (U)/ Br 0 (U) of type I. Suppose that V (q) =: Q ⊃ X is a k-rational rank 4 quadric that induces the class α, and write x 0 ∈ Q for the cusp.
b) There is a class α ∈ Br 1 (Q\(H ∪{x 0 }))/ Br 0 (Q\(H ∪{x 0 })), the restriction to U of which is α.
Proof. a) One has Pic(Q\{x
, for Q ′ a non-singular space quadric, and hence Pic(Q\{x 0 }) k = 2 . Under this isomorphism, the class of the hyperplane section H is mapped to (1, 1), which implies that Pic(Q\(H ∪{x 0 })) k = e , for e the class of one of the two linear systems of planes. Moreover, the generator e is of infinite order. Indeed, its restriction to U is the class of one of the ten linear systems of conics. b) Let l be the quadratic extension field that splits the two linear systems of planes on Q. Then the nontrivial element of Gal(l/k) maps e to (−e), so that σ → 0, if σ ∈ Gal(k/k) induces the identity on l , −e, if σ ∈ Gal(k/k) induces the conjugation on l , is a cocycle defining a class α ∈ H 1 (Gal(k/k), Pic(Q\(H ∪{x 0 })) k ). In view of Lemma 5.12.i), it is evident that α is the restriction of α to U.
Corollary 5.16. Let q 1 and q 2 be two quadratic forms and h be a linear form in five variables over O k , X = V (q 1 , q 2 ) a model of a proper degree four del Pezzo surface X, and U = X \ V (h) be a model of an open del Pezzo surface U of degree four of the kind that there is a 2-torsion class α ∈ Br 1 (U)/ Br 0 (U) of type I. Suppose that V (q 1 ) ⊃ X is a degenerate quadric that induces the class α. Let p ⊂ O k be a prime ideal such that the reduction of q 1 modulo p is of rank 4 and suppose that the cusp x 0 ∈ V (q 1 ) p is not a point on the special fibre U p . Then the local evaluation map ev α,p :
Proof. Let C be the Zariski closure in P
, and let W be the generic fibre of W . Then W ⊃ U . Moreover, according to Lemma 5.15, α ∈ Br 1 (U) is the restriction of an algebraic Brauer class α ∈ Br 1 (W ). Thus, for every x ∈ U (O k,p ), one has ev α (x) = ev α (x), so that it suffices to show that ev α :
And this, in fact, is a direct consequence of Theorem 5.4. Indeed, for the generic fibre, one knows that V (q 1 )\C k is an A 1 -bundle over a non-singular space quadric. Furthermore, according to Lemma 5.15.a), Pic W k ∼ = , which is torsion-free. Finally, by assumption, W is smooth above p and its special fibre W p is irreducible. [DM, §1.6 ] is a subgroup of the dihedral group D 4 , generated by the two elements depicted in Figure 9 . When exactly this group occurs then there are two nontrivial subgroups of G ′ splitting the orbit. Either is of order 2. They are generated by the elements shown below. One readily sees that the two are conjugate to each other in D 4 , which shows in particular that they are non-normal. Thus, the only normal subgroup of D 4 that splits the orbit is the trivial group. However, D 4 is clearly not cyclic, not even abelian. ii) One has α = cores
2-torsion
is a 2-torsion class of type II, the subset {i, j} ⊂ {1, . . . , 5} is a G-orbit.
ii) This is an immediate consequence of Lemma 3.7.b). Indeed, In particular, two of the five degenerate quadrics in the pencil (λq 1 + µq 2 ) (λ:µ)∈P 1 , that containing the entire system e i and that containing e j , form a Gal(k/k)-orbit. Let us say that such a pair of quadrics induces the class α.
(Evaluation-Corestriction). Let
Without restriction, assume that the pair (V (q 1 ), V (q 2 )) induces α. Then, after scaling by constants, q 1 and q 2 are defined over a quadratic extension field k ′ and conjugate to each other. Take a hyperplane V (t), for t a linear form defined over k ′ , that is tangent to V (q 1 ). Over a further quadratic extension l = k ′ ( √ d), the intersection V (q 1 ) ∩ V (t) then splits into two planes. The evaluation of the Brauer class at a place ν is hence given by
Note that, as k ′ /k is a quadratic extension, the sum is just one summand when ν is inert or ramified in k ′ . In the split case, it has two summands.
Example 5.19. Let X ⊂ P 4 É be given by the system of equations
4 be the subscheme that is defined by the same system of equations as X, and put U := X \H and U := X \H , for H := V (X 0 ) ⊂ P A point search using a variant of Elkies' method [El] provides almost 25 000 É-rational points of height up to 1000, among which 27 are integral, for example ]}, on which it acts in a totally coupled manner. The operation on either orbit is via the full D 4 . Consequently, one has Br 1 (U)/ Br 0 (U) ∼ = /2 , generated by a 2-torsion Brauer class α of type II.
One of the degenerate quadrics is √ 5) lying above the infinite prime, but one of them splits in l ′ . Thus, the sum is effectively only one term in either case. In particular, the local evaluation map ev α,∞ just tests the sign of the expression
. An experiment shows that ev α,2 takes both values on U ( 2 ) and that the same is true for ev α,∞ on U(É). Thus, strong approximation is violated. Both combinations (0, 0) and ( 
for l 1 , . . . , l 4 linearly independent linear forms over a quadratic extension field k ′ and l σ 1 , . . . , l σ 4 their conjugates. The evaluation is then given by
Remark 5.21 (The cyclic case). There are clearly 2-torsion classes of type II that are cyclic. Just assume that the quotient group G ′ induced by G on the orbit
} is cyclic of order 4. It is then generated by the 4-cycle σ depicted to the left in Figure 9 . In this situation, l/k is a cyclic field extension of degree 4 and k ′ is its intermediate quadratic field. Moreover, the method for evaluation described in 5.18 may then be directly translated into class field theory. One easily sees that the evaluation of the Brauer class is given by the norm residue symbols
for w any place of l that lies above ν. Note that, although l/k is of degree 4, the concrete norm residue symbols above take no values other than σ 2 and the neutral element. Indeed, h(x)h σ (x) is a norm from the intermediate field k ′ .
4-torsion classes of type I.
⋊S 5 be a subgroup. Then, i) in the notation of 3.20, G allows a natural surjection s :
is the image under inflation of a class c ∈ H 1 ( τ , P S 3 ). In particular, a 4-torsion class of type I is always cyclic.
The class c is that of the [unique] 1-cocycle such that τ →
.
Proof. i) One clearly has ker s ⊆ S 3 , hence P S 3 ⊆ P ker s . The assertion itself follows from the description of ι Pic,4 , cf. Lemma 3.19.a), together with an explicit calculation in cocycles. ii) is, once again, a consequence of i) and the explicit formula for the cup product, given in [Se, Chapitre XI, Annexe, Lemme 3]. . According to Lemma 2.7.iii), up to sign, these are the classes in Pic U k of four of the 16 lines. In the blown-up model (cf. Remark 2.4), we can say more precisely that the classes are
(Evaluation-k-rational quadrilaterals). The conjugates of
It is not hard to see that these four lines form the edges of a quadrilateral. I.e., in cyclic order, each line intersects its two neighbours, but not the third. Such a quadrilateral is certainly non-planar, as then the lines would pairwise meet each other. On the other hand, the four points of intersection determine a three-dimensional linear subspace of P 4 k . In other words, there is a k-rational hyperplane V (t) cutting the quadrilateral out of the degree four del Pezzo surface X.
Finally, let l be the field of definition of the 16 lines. Then Gal( l/k) ∼ = G and there is the intermediate field l corresponding to ker s ⊂ G. Then Gal(l/k) ∼ = τ . I.e., l/k is a cyclic extension of degree 4. The four edges of the quadrilateral are defined over l. Moreover, Gal(l/k) permutes them cyclically. We therefore have div t = N l/k L, for L one of the edges of the quadrilateral, and div 1/t = N l/k (−L). The evaluation of the Brauer class is hence given by the norm residue symbols
Remark 5.24. It is not hard to determine the k-rational quadrilaterals algorithmically. The reader might compare Algorithm 6.2 below, which, however, does by far more.
Example 5.25. Let X ⊂ P 4 É be given by the system of equations
4 be the subscheme that is defined by the same system of equations as X, and put U := X \H and U := X \H , for
A point search provides almost 1000 É-rational points of height up to 1000, among which (1 : 0 : 2 : −1 : −2), (1 : 1 : 2 : −1 : −10), (1 : −20 : −32 : −9 : 88), and (1 : −80 : −62 : 11 : 718) are integral.
The 16 lines on X are defined over a number field of degree twelve. The Galois group operating on the 10 linear systems of conics is exactly the dicyclic group described in Remark 3.26.a.iii). Thus, Br 1 (U)/ Br 0 (U) ∼ = /4 , generated by a 4-torsion class α of type I.
There is exactly one É-rational hyperplane cutting a quadrilateral out of X, namely V (35X 0 + 50X 1 − 19X 2 − 2X 3 + 5X 4 ). The four edges are defined over É(ζ 5 ) and acted upon cyclically by Gal(É(ζ 5 )/É). The evaluation of α is hence given by the norm residue symbols
The surface X has bad reduction only at the primes 2, 5, 31, and 251, among which 31 and 251 completely split in É(ζ 5 ). Moreover, the local evaluation map ev α,2 : U ( 2 ) → É/ is constant, too. Indeed, 2 is an inert prime. Thus, otherwise there would exist a 2 -valued point on U such that the linear form above takes an even value. This, however, yields that X 2 and X 4 must have different parity. From this, the second equation defining X shows that X 3 must be odd, which contradicts the first equation. Finally, an experiment shows that ev α,5 takes all four values on U ( 5 ) and that ev α,∞ takes the values 0 and , which alone shows that strong approximation is violated.
Proposition 5.26 (A normal form). Let U be an open del Pezzo surface of degree four over k that carries a 4-torsion Brauer class of type I. Then U is the hypersurface complement of a projective surface X that may be given by equations of the form
where the linear forms to the left are defined over a cyclic degree four extension l and acted upon by a generator of Gal(l/k) via the rule l 1 → m 1 → l 2 → m 2 → l 1 , l 0 and m 0 are linear forms defined over the intermediate quadratic field and conjugate to each other, and z is a linear form defined over k.
Proof. We take z to be a linear form that cuts out of X a quadrilateral inducing the Brauer class. Next, let L 1 , . . . , L 4 be the four edges of the quadrilateral, in cyclic order. Then L 1 ∪ L 2 determines a plane V (z, l 1 ). We denote the Galois conjugates of the linear form l 1 , in this order, by m 1 , l 2 , and m 2 . Then L 2 ∪ L 3 is contained in the plane V (z, m 1 ) etc. Consequently, the quadrilateral is given in V (z) ∼ = P 3 by the system of equations
Here, the forms l 1 l 2 and m 1 m 2 are global sections of the sheaf I X (2)| V (z) . In order to complete the proof, it has to be shown that both can be lifted to sections of I X (2) on the whole of P 4 . As there is the exact sequence
this indeed follows from the fact that
Remark 5.27. The surface above appears when blowing down the line V (l 0 , m 0 ) on the cubic surface C : l 0 l 1 l 2 = m 0 m 1 m 2 , given in the classical Cayley-Salmon form. The nine obvious lines on C are clearly defined over the field l. The combinatorics of the 27 lines on a cubic surface then implies that the other 18 lines may be defined at most over an S 3 -extension of l [EJ11, Proposition 4.6]. This shows again that the field of definition of the 16 lines on X has a Galois group that allows an injection into S 3 × /4 . 4-torsion classes of type II.
When
⋊S 5 is the cyclic group of order 4, generated by the element shown in Figure 5 , then this is the overlap case. One has H 1 (G, P) ∼ = /4 , the 4-torsion class being cyclic. The group G operates on the 16 lines such that there are four orbits of length four each. Two of these orbits form the edges of quadrilaterals, while the others consist of mutually skew lines.
⋊S 5 is the cyclic group of order 8, generated by the element shown in Figure 6 , then there is a 4-torsion class of type II in H 1 (G, P), and this, too, is clearly a cyclic class.
Moreover, one easily sees that the orbit of form a single orbit, too, and either orbit has sum zero. Thus, when U ⊂ X is an open del Pezzo surface of degree four over k such that Gal(k/k) operates on the 16 lines exactly via G then the lines form two orbits of length eight each. As one has Pic U k = Pic X k / H , the sum over an orbit, considered in Pic X k , must be a multiple of H, and since the degree is 8, it is 2H. More-over, a short calculation in coherent cohomology shows that the restriction homomorphism Γ(
is surjective, cf. [Ha, Exercise III.5.5.a) ]. Hence, either of the two configurations of eight lines is cut out of X by a quadric in P 4 .
Example 5.30. Let X ⊂ P 4 É be given by the system of equations
4 be the subscheme that is defined by the same system of equations as X, and put U := X \H and U := X \H , for H := V (X 0 ) ⊂ P One finds that the quadrics V (q 1 ) and V (q 2 ), for
cut the two configurations of eight lines out of X. The evaluation of α is hence given by the norm residue symbols
17 )/É ν , and when one takes the quadratic form q 2 , the answer is the same.
The surface X has bad reduction only at the primes 2 and 17. The local evaluation map ev α,∞ is constant, since the field É(ζ 17 + ζ −1 17 ) is totally real. Moreover, the local evaluation map ev α,2 : U ( 2 ) → É/ is constant, too. Indeed, 2 is an inert prime. Thus, otherwise there would exist a 2 -valued point on U so that both quadratic forms q 1 and q 2 take an even value. This leads to a contradiction as follows. First, the equations defining X imply that X 3 must be odd. Then the first equation shows that X 1 X 2 + X 2 + X 4 must be odd, too. Using this, the assumptions about q 1 and q 2 reduce to X 1 X 2 + X 1 X 4 + X 2 being odd and X 2 + X 4 + X 1 + X 1 X 4 being even. These conditions, however, turn out to be fulfilled only when all coordinates are odd, which contradicts the second equation defining X. Finally, an experiment shows that ev α,17 takes all four values on U ( 17 ). In particular, on a -integral point, ev α,17 may not take the values , which shows that strong approximation is violated.
Remark 5.31. The six further conjugacy classes of subgroups of ( /2 ) 4 ⋊S 5 that yield a 4-torsion Brauer class of type II are non-cyclic. Even worse, it turns out that no normal subgroup, except for the trivial group, annihilates the 4-torsion class. As all other naive approaches, such as that to use a corestriction, do not apply either, it is our conclusion that only a generic algorithm helps.
The generic algorithm
The computer-algebraic framework. We implemented a generic algorithm in magma relying on some of the data types and functionality already existing. The data types include i) Finite groups. I.e., permutation groups described by a sequence of generators.
ii) Finitely generated abelian groups, described in the form /a 1 ⊕ · · · ⊕ /a m , for a sequence of non-negative integers such that a m |a m−1 | . . . |a 2 |a 1 .
iii) Finitely generated G-modules. This means that a finitely generated abelian group, as above, is given together with a sequence of matrices describing the operation of the generators of G. The data structure of a finitely generated G-module includes the full information about the underlying finite group G. magma allows to perform fundamental operations in these categories, including the computation of the cokernel pr : N → coker ϕ of a homomorphism ϕ : M → N of finitely generated abelian groups.
Also, for a G-module M as above, H i (G, M) may be computed for i = 0, 1, or 2. This means that an isomorphism is asserted to some H := /a 1 ⊕ · · · ⊕ /a m . In addition, for every i-cocycle with values in M, its cohomology class may be expressed as an element of H. And vice versa, there is function returning for every element of H a representing i-cocycle.
Furthermore, let us mention that there is some more functionality that we take to work for granted, such as that to compute Gröbner bases, to compute the unit group of a finite ring, and to compute the Galois group of a polynomial over a number field, as well as the decomposition and inertia groups contained within.
Finally, an open del Pezzo surface of degree 4 over a number field k is, for us, just given by two quadratic forms in five variables over the maximal order O k . The hyperplane section taken out is supposed to be the vanishing locus of the first variable.
Computing the Picard group as a Galois module. 
, which show that D/D 0 is generated by E 1 , . . . , E 5 , and C. Furthermore, one has
implying that E 1 , . . . , E 4 , and C form a generating system, as required. ii) Put l to be the splitting field of g and calculate the Galois group G of l. Make sure that the operation of G, i.e. the homomorphism i : G → Aut k l, is stored, too. iii) Using Gröbner bases again, this time over l, determine the 16 lines on U explicitly. Store them into a list, numbered from 1 to 16. For each generator σ ∈ G, use the automorphism i(σ) of l to determine the permutation of the 16 lines that σ induces. Form the associated permutation matrices, thereby transforming 16 into a G-module Div.
iv) For each pair of lines, determine using linear algebra whether they intersect on the proper surface or not. The result is a 16 × 16-intersection matrix.
v) For each quadruple {i 1 , . . . , i 4 } ⊂ {1, . . . , 16}, determine whether it represents a quadrilateral. It suffices to check that exactly four of the six intersection numbers are equal to 1. Store the 40 quadrilaterals found into a 16 × 40-matrix Q over , each row of which contains four ones and zeros otherwise.
Also, using linear algebra, for each quadrilateral determine a linear form cutting it out of the surface. Store these linear forms into a list L. i) Lift ϕ along pr to a cochain ϕ : G → Div.
ii) Calculate the coboundary δ ϕ : G × G → Div according to the formula
iii) Lift δ ϕ along q to a function ψ : G × G → 40 . This means to find a particular solution of a 16 × 40 linear system of equations, for each pair (σ, τ ) ∈ G × G.
iv) Return the function ψ : G × G → 40 .
Remark 6.5. A vector ψ(σ, τ ) = (e 1 , . . . , e 40 ) encodes the rational function L
40 modulo constants. For performance reasons, we do not multiply the product out at this stage, but do so only after the evaluation at a point. Lemma 6.6 (Lifting to a 2-cocycle with values in l(U) * ). Let U be an integral scheme over a field k having a k-rational point x ∈ U(k), l/k a finite Galois extension, G = Gal(l/k) its Galois group, and c :
Suppose that all the images c(σ, τ ) ∈ l(U) * /l * , for σ, τ ∈ G, are classes of functions modulo scalars that are defined and nonzero at x. Then the unique lift c :
* of c so that c(σ, τ )(x) = 1, for all σ, τ ∈ G, is a 2-cocycle.
Proof. By assumption, δc = 0. Therefore, δ c :
In other words, δ c takes only constant functions. Thus, in order to exactly determine δ c, it suffices to calculate the values of the δ c(σ, τ, υ) at the point x. But we have c(σ, τ )(x) = 1 for all σ, τ ∈ G. Hence, δ c(σ, τ, υ)(x) = 1, for all σ, τ, υ ∈ G, which completes the proof.
Remark 6.7. In [Be, Section 3.3] , a different approach is presented on how to lift 2-cocycles, which applies to the situation of an affine Châtelet surface.
* representing the Brauer class α ∈ Br(U), in order to evaluate α at a point x ∈ U(k ν ), two things have to be done as the next step. a) One has to restrict the 2-cocycle to the local Galois group Gal(lk ν /k ν ) ⊆ Gal(l/k). b) And one has to replace the functions c(σ, τ ) by their values c(σ, τ )(x) ∈ lk ν . In practice, one usually approximates the coordinates of a k ν -rational point by elements of k. It is possible to remain in the realm of number fields by doing what follows, instead of a) and b). Fix a prime w of l lying above ν and a') restrict the 2-cocycle to the decomposition group D w ⊆ Gal(l/k). b') Store the values c(σ, τ )(x) as elements of l. In further calculations, they can be considered as elements of
The result is a 2-cocycle representing a Brauer class of the local field l w .
Computing the invariant of a Brauer class of a local field from a given 2-cocycle.
Remark 6.9. This problem has been tackled before, in a very thorough manner, by Th. Preu [Pr] . We are, however, not aware of any implementation realising Preu's approach. In our implementation, which is sufficient for our purposes, we followed [Pr] only very partially, and took many shortcuts that make use of features built into magma. Note that the archimedean case is trivial, as then the local Galois group is of order at most 2.
of exact sequences. Indeed, H 1 (Gal(l/k), ) = 0. Putting C n := coker ν l , the lower exact sequence may be split into two,
) . Either of these sequences remains exact after applying the inverse image functor lim ← −n . Indeed, this is clear for the second one as lim ← −n is left-exact. Moreover, since all the abelian groups
)) are finite, they form an inverse system satisfying the Mittag-Leffler condition. The claim on the first exact sequence therefore results from [NSW, Proposition 2.7.3] .
Consequently, the application of lim ← −n to (5) yields a commutative diagram of exact sequences, in which all vertical homomorphisms, except possibly for the second from the left, are isomorphisms. A standard diagram argument shows that the latter must be an isomorphism, too, as required. b) In this situation, for each n ≥ 1, the quotient (1 + m
) is an abelian p-group, for p the residue characteristic of l, and hence cohomologically trivial. From this, the long exact cohomology sequence associated with
) is stationary for n ≥ 1. is applicable for the evaluation at all non-archimedean primes, except for those of residue characteristic 2. For simplicity of the presentation, we restrict ourselves to the case that #G is a power of 2, although our approach works in general.
Algorithm 6.12 (for the case that #G is a power of 2, the residue characteristic is = 2, and the Brauer class is at most 4-torsion). Given a 2-cocycle ϕ : G×G → l * , for l/k a finite Galois extension of non-archimedean local fields and G ∼ = Gal(l/k), satisfying the conditions listed, this algorithm computes the invariant in É/ of the class in H 2 (G, l * ) represented by ϕ.
ii') Put log
′ into a G ′ -module by means of matrices A ′ i that are defined as in iv), but using log ′ u and ex ′ instead of log u and ex.
Finally, execute steps iii), iv), and v), accordingly.
To summarise, the generic algorithm runs as follows.
Algorithm 6.14 (The generic algorithm). Given an open degree 4 del Pezzo surface U over a number field k and a sequence of O k,ν -valued points, for ν a prime of k, this algorithm computes the evaluations of the points given, for any algebraic Brauer class on U. i) Run Algorithm 6.2 to compute the Galois module Pic U k . Extract the underlying group G, which is the Galois group operating on the 16 lines on U. Moreover, store the field l, over which the lines are defined. ii) Call the magma intrinsic to compute H 1 (G, Pic U k ). Choose any [base] element. iii) Run Algorithm 6.4 to compute a 2-cocycle c with values in l(U) * /l * representing the cohomology class chosen. Lift c to a 2-cocycle c with values in l(U) * as described in Lemma 6.6, using the first of the given points. iv) Compute the decomposition group D w ⊆ G, for w any prime of l lying above ν. Then localise the 2-cocycle c at the prime ν as described in Remark 6.8.a'). The result is a 2-cocycle c ν for the operation of the decomposition group D w ⊆ G. v) Run in a loop over the given sequence of O k,ν -valued points. For each of them do the following.
• Evaluate the 2-cocycle c ν at the current point ξ, as described in Remark 6.8.b'). This yields a 2-cocycle c ν,ξ representing a cohomology class in H 2 (D w , l * w ).
• Run Algorithm 6.12 to determine the invariant of the 2-cocycle c ν,ξ . Store the value into a list. vi) Output the list of invariants found.
Remark 6.15. We assume, in practice, that the O k,ν -valued points are given as k-rational points lying on U. One might have the idea to work with k-rational approximations instead that are not exactly located on U. In such a case, one would have to take care, in addition, about the quality of the approximation. The 16 lines on X are defined over a number field l of degree 64. The Galois group Gal(l/É) operates on the 10 linear systems of conics as the largest subgroup of ( /2 ) 4 ⋊ S 5 fulfilling conditions 3.22.i) and ii). Thus, one has Br 1 (U)/ Br 0 (U) ∼ = /4 , generated by a 4-torsion Brauer class α of type II.
First of all, it turns out that the local evaluation map ev α,∞ : U(Ê) → 1 2 / at the infinite place is constantly zero. Indeed, the base extension of α is an element of Br 0 (U Ê ), although Br 1 (U Ê )/ Br 0 (U Ê ) ∼ = /2 . In order to explain this, let us note that exactly three of the five degenerate quadrics in the pencil defining X are real, as is shown by a simple calculation. In particular, the decomposition group D w∞ is indeed of order 2. Among the degenerate quadrics, only one has its linear systems of planes defined over Ê. Numbering the five degenerate quadrics from 1 to 5 as in 3.22, D w∞ must split the orbit {1}. This is implied by Theorem 4.4.ii), since an order two group never gives rise to a 4-torsion class. More precisely, the operation of the nonzero element of D w∞ is necessarily of the form indicated in Figure 11 below, which implies the claim, again according to Theorem 4.4.ii). Thus, the decomposition group is isomorphic to the Klein four group, and, again following the conventions of 3.22, two of its generators necessarily operate as shown below, which implies the claim according to Theorem 4.4.ii). Figure 12 . Generators of the decomposition group at p = 19
First of all, the point search using Elkies' method took more than three minutes. Then steps i) to iii) of Algorithm 6.14 play the role of an initialisation procedure. Their running time is dominated by the size of the field l of definition of the 16 lines, which is a number field of degree 64 for the surface above. They take around two minutes and 20 seconds, the lion's share of which accounts for the Gröbner base calculation over l in step iii) of Algorithm 6.2.
For each of the four primes, step iv) of Algorithm 6.14 is another initialisation step. It takes about 90 seconds, each time, which is mainly the time to compute the decomposition group. Then points are evaluated at a frequency of about one per almost 10 seconds, for p = 5, and at about one per 1.7s, for the other primes. A considerable part of this time is spent on the determination of the #D 2 w values of the 2-cocycle c ν,ξ , which means to multiply 40 elements of l, each time.
The modification necessary for the case that the residue characteristic divides the group order. In our application, this is simply the case when the residue characteristic is 2. Our approach to this situation is even more generic and in a certain sense experimental, since Lemma 6.10.a) does not give any indication on how large the integer n has to be chosen in practice. For n fixed, we rely on the short exact sequence Algorithm 6.18 (for the case that #G is a power of 2, and the Brauer class is of at most 4-torsion). Given a positive integer n and a 2-cocycle ϕ : G × G → l * , for l/k a finite Galois extension of local fields and G ∼ = Gal(l/k), satisfying the conditions listed, this algorithm computes the invariant in É/ of the class in H 2 (G, l * ) represented by ϕ, as soon as n is sufficiently large. i) Run step i) of Algorithm 6.12. If f = 1 or f = 2 then run a totally naive modification, which just replaces l by lk nr,4 . Then f is a multiple of 4. ii) Fix a uniformiser π l of l and calculate the unit group of the finite ring O l /m ). For j = 1, . . . , n, complete the (j + 1)-st column by pr(g i ( e j )), for e j a lift of the j-th generator e j of the unit group /a 1 ⊕ · · · ⊕ /a m to O l . Finally, transform M into a G-module using the matrices A i . iii) Define the standard 2-cocycle st : G × G → M by ) ,
for every (σ, τ ) ∈ G × G. v) Calculate the abelian group H 2 (G, M) and, as its elements, the classes c st and c ϕ of the 2-cocycles st and ϕ. If 2c st = 0 then output a message saying that a larger value of n has to be chosen and terminate immediately. Otherwise, find a natural number m such that c ϕ = mc st , and output (m/f mod 1) ∈ É/ as the desired invariant.
Remark 6.19. We successfully ran Algorithm 6.18 for several examples. In these, the minimal value of n, for which the calculations went through, varied between 3 and 9.
